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1 Introduction
Plane wave geometries are not only important in classical general relativity
but also in string theory . It is now very well known that these geometries
are the exact classical solutions of the string theory at all orders of string
tension parameter [1]-[3]. It is also interesting that plane wave metrics in
higher dimensions when dimensionaly reduced lead to exact extreme black
hole solution in string theory [4].
In this work we shall be interested in the head on collisions of these plane
waves in the framework of Einstein-Maxwell-Dilaton theories with one U(1)
and two U(1) abelian gauge fields [7]. Our formulation of the problem will
also cover the low energy limit of the string theory for some fixed values of
the dilaton coupling constants. Hence the solutions we present in this work
are also exact solutions of the low energy limit of string theories. We give
the complete data for the colliding plane-shock waves. We formulate the
collision of plane waves and give solutions for the colinear case. When the
dilaton coupling constant vanishes one of our solutions reduces to the well
known Bell-Szekeres solution [14] in Einstein Maxwell Theory.
For the collision problem in general relativity spacetime is divided into
four regions with respect to the null coordinates u and v. The second and
third (incoming) regions are the Cauchy data (characteristic initial data) for
the field equations in the interaction region (IV. Region). For this purpose the
specification of the data is quite important in the formulation of the collision
problem [11]-[20]. We show that the future closing singularities appearing in
classical solutions exist also in dilaton gravity and in the low energy limit of
1
the string theory. This is due to focusing effect of the plane waves [10].
It is an open question whether this classical treatment of collision of
plane waves can be extended to all orders in the string tension parameter [8],
[9]. One of the limiting cases of the solutions in section 2 is the Bell-Szekeres
solution [14]. This solution seems to be a canditate for an exact solution at all
orders. The Bell-Szekeres solution in the interaction region is diffeomorphic
to the Bertotti-Robinson spacetime [22] ,[20]. It is known that string theory
preserves the form of Bertotti-Robinson metric at all orders of the string
parameter [5] , [6]. This does not necessarily lead to a conclusion that the
Bell-Szkeres solution is an exact solution of the string theory. The reason is
that the diffeomorphism is valid only in the interaction region (u > 0, v > 0)
and hence the field equations (at higher orders of the string parameter) may
not be satisfied on the hyperplanes u = 0 and v = 0. The Weyl tensor and its
covariant derivatives suffer from delta function and derivatives of the delta
function type of singularities on the hyperplanes u = 0 and v = 0. It is
unlikely that these singular terms cancel each other in the field equations at
all orders. If there exists an exact solution reperesenting the collision of plane
waves in the full string theory then its low energy limit should be contained
in our solutions in the second and third sections. The proof of this conjecture
is of course not easy to prove.
In the next sections we shall give the form of the metrics in the incoming
regions. These will constitute the data for field equations in the interaction
region. In the second section we give the formulation of the problem for
one U(1) abelian gauge field with a solution generalizing the Bell-Szekeres
solution in general relativity. In the third section we consider two abelian
2
U(1) gauge fields and give some interesting exact solutions of the collision
of plane waves problem. In the Appendix we reduce the Maxwell Dilaton
field equations , in the collision of plane waves , to two dimensional Ernst
equation.
2 Dilaton gravity with one U(1) vector field
Einstein-Maxwell-Dilaton Gravity is derivable from a variational principle
with the lagrangian density
L =
√−g
[
R
2κ2
− 2
κ2
(∇ψ)2 − 1
4
e−aψF 2
]
. (1)
where a is the dilaton coupling constant. The field equations are
Gµν = 4
[
∂µψ ∂νψ −
1
2
(∇ψ)2gµν
]
+ κ2e−aψ
[
F αµ Fνα −
1
4
F 2gµν
]
, (2)
∇µ(e−aψF µν) = 0, (3)
∂µ(
√−g gµν ∂νψ) +
κ2 a
√−g
16
e−aψF 2 = 0, (4)
A space time describing the collision of plane waves admits two space like
Killing vector fields. In the general case these vectors are nonorthogonal but
here in this work we consider them to be orthogonal. For such a case an
appropriate form of the metric gµν and U(1) gauge potential Aµ are given by
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ds2 = 2e−Mdu dv + e−U−V dy2 + e−U+V dz2 (5)
Aµ = (0, 0, A, 0) (6)
where M = M(u, v), U = U(u, v), V = V (u, v), A = A(u, v) and dilaton
field ψ = ψ(u, v). The field equations turn out to be
− 2A,uv = (Vu − aψu)A,v + (Vv − aψv)A,u (7)
Uuv − UuUv = 0 (8)
2Muv = −2Uuv + UuUv + VuVv + 8ψuψv (9)
2Vuv − UuVv − UvVu − 2κ2eU+V−aψA,uA,v = 0 (10)
2ψuv − Uuψv − Uvψu +
aκ2
4
eU+V−aψA,uA,v = 0 (11)
− 2MuUu − 2Uuu + U2u + V 2u + 8ψ2u + 2κ2eU+V−aψA2,u = 0 (12)
− 2MvUv − 2Uvv + U2v + V 2v + 8ψ2v + 2κ2eU+V−aψA2,v = 0 (13)
Note that (9) can be derived from the other equations. It is not independent.
From (10) and (11), letting E = V − aψ we obtain
4
2Euv − UuEv − UvEu − (2 +
a2
4
)κ2eU+EA,uA,v (14)
Letting
B =
√
2 +
a2
4
κA (15)
(7) and (14) become
− 2B,uv = EuB,v + EvB,u (16)
2Euv − UuEv − UvEu − eU+E B,uB,v = 0 (17)
The above two equations are the real and imaginary parts of the following
Ernst equation
Re(ε)∇2 ε = ∇ε∇ε (18)
where differential operators in (18) are defined with respect to the metric
given by ds2 = 2 du dv − e−2U d φ2 and
ε = e−
1
2
(E+U) + i
B√
2
(19)
The remaining part of the Einstein equations are given as follows
Uuv − UuUv = 0 (20)
2Xuv − UuXv − UvXu = 0 (21)
5
− 2MuUu − 2Uuu + U2u +
1
α
(E2u + 8X
2
u) + 2κ
2eU+EA2,u = 0 (22)
− 2MvUv − 2Uvv + U2v +
1
α
(E2v + 8X
2
v ) + 2κ
2eU+EA2,v = 0 (23)
where
ψ =
1
α
(X − a
8
E) , V =
1
α
(aX + E) , α = 1 +
a2
8
(24)
Hence a solution of the Dilaton Gravity field equations depends upon a linear
equation (21) and the Ernst equation (18). The integrability of the Ernst
equation and its properties are now very well known [21] , but the character-
istic initial value problem has not been solved yet.
The formulation of the collision of plane waves is as follows: The space time
is divided into four disjoint regions by the null hyperplanes u = 0 and v = 0
The first region: (u ≤ 0, v ≤ 0)
ds2 = 2du dv + dy2 + dz2 (25)
This is the flat space time with ψ = A = 0.
The second region: (u > 0, v ≤ 0)
ds2 = 2e−M2du dv + e−U2−V2dy2 + e−U2+V2dz2 (26)
where M2 = M2(u) , U2 = U2(u) , V2 = V2(u) , ψ2 = ψ2(u) and A2 = A2(u)
constitute the data at v ≤ 0. The only field equation is
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− 2M2,uU2,u − 2U2,uu + U22,u +
1
α
(E22,u + 8X
2
2,u) + 2κ
2 eU2+E2 A22,u = 0 (27)
The third region: ( u ≤ 0, v > 0)
ds2 = 2e−M3du dv + e−U3−V3dy2 + e−U3+V3dz2 (28)
where M3 = M3(v) , U3 = U3(v) , V3 = V3(v) , ψ3 = ψ3(v) and A3 = A3(v)
constitute the data at u ≤ 0. The only field equation is
− 2M3,vU3,v − 2U3,vv + U23,v +
1
α
(E23,v + 8X
2
3,v) + 2κ
2 eU3+E3 A23,v = 0 (29)
The second and third regions are called the incoming regions and the cor-
responding space times are the plane wave geometries. Hence the functions
M2 = M2(u) , U2 = U2(u) , V2 = V (u) , ψ2 = ψ2(u) , A2 = A2(u) and
M3 = M3(v) , U3 = U3(v) , V3 = V3(v) , ψ3 = ψ3(v) , A3 = A3(v) should be
considered as the data on the hyperplanes v = 0 and u = 0 respectively.
The fourth region: ( u > 0, v > 0 )
The metric takes the form (5) withM = M(u, v) , U = U(u, v) , V = V (u, v)
, ψ = ψ(u, v) and A = A(u, v) such that in the incoming regions (u ≤ 0, v ≤
0) the metric (5) reduces to the corresponding metrics in the related regions.
The field equations are given in Eqs.(18) and (20)-(20).
The problem is to find the solutions of the above equations in such a way
that the following conditions must be satisfied.
M(u, v ≤ 0) = M2(u), U(u, v ≤ 0) = U2(u), V (u, v ≤ 0) = V2(u) (30)
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ψ(u, v ≤ 0) = ψ2(u), A(u, v ≤ 0) = A2(u) (31)
M(u ≤ 0, v) = M3(v), U(u ≤ 0, v) = U3(v), V (u ≤ 0, v) = V3(v) (32)
ψ(u ≤ 0, v) = ψ3(v), A(u ≤ 0, v) = A3(v) (33)
An exact solution of the above problem is.
U = − ln cos(P +Q)− ln cos(P −Q)
E = ln cos(P +Q)− ln cos(P −Q) (34)
A = ρ sin(P −Q) (35)
X =
k1
2
ln
cosQ− sinP
cosQ + sinP
+
k2
2
ln
cosP − sinQ
cosP + sinQ
(36)
Here P = a2 u θ(u) , Q = a3 v θ(v) , where θ is the Heaviside step function ,
a2 and a3 are arbitrary constants.
ρ2 =
16
(8 + a2)κ2
(37)
There are two distinct solutions.
1.k1 = k2 = k and k
2 = a
2
16
Second region: v ≤ 0, u > 0 or Q = 0
eaψ2 =
[
1− sin P
1 + sin P
] a k
2α
(38)
e−U2−V2 = cos2 P
[
1− sin P
1 + sin P
]
−
a k
2α
(39)
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e−U2+V2 = cos2 P
[
1− sin P
1 + sin P
] a k
2α
(40)
e−M2 = (cos P )
a
2
8α (41)
A2 = ρ sin P (42)
Third region: u ≤ 0, v > 0 or P = 0.
ea ψ3 =
[
1− sin Q
1 + sin Q
] a k
2α
(43)
e−U3−V3 = cos2 Q
[
1− sin Q
1 + sin Q
]
−
a k
2α
(44)
e−U3+V3 = cos2 Q
[
1− sin Q
1 + sin Q
] a k
2α
(45)
e−M3 = (cos Q)
a
2
8α (46)
A3 = −ρ sin Q (47)
Fourth region: u > 0, v > 0 .
eaψ =
[
(cos Q− sin P ) (cos P − sin Q)
(cos Q+ sin P ) (cos P + sin Q)
] a k
2α
(
cos (P −Q)
cos(P +Q)
)
a
2
8α
e−U−V = (cos (P+Q))1−
1
α (cos (P−Q))1+ 1α
[
(cos Q− sin P ) (cos P − sin Q)
(cos Q+ sin P ) (cos P + sin Q)
]
−
a k
2α
e−U+V = (cos (P+Q))1+
1
α (cos (P−Q))1− 1α
[
(cos Q− sin P ) (cos P − sin Q)
(cos Q+ sin P ) (cos P + sin Q)
] a k
2α
e−M = (cos (P +Q))
3 a
2
16α (cos (P −Q))− a
2
16α
A = ρ sin (P −Q)
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2.k2 = −k1 = −k and k2 = a216
Second region: v ≤ 0, u > 0 or Q = 0
eaψ =
[
1− sin P
1 + sin P
] a k
2α
(48)
e−U−V = cos2 P
[
1− sin P
1 + sin P
]
−
a k
2α
(49)
e−U+V = cos2 P
[
1− sin P
1 + sin P
] a k
2α
(50)
e−M = (cos P )
a
2
8α (51)
A2 = ρ sin P (52)
Third region: u ≤ 0, v > 0 or P = 0.
ea ψ =
[
1 + sin Q
1− sin Q
] a k
2α
(53)
e−U−V = cos2 Q
[
1 + sin Q
1− sin Q
]
−
a k
2α
(54)
e−U+V = cos2 Q
[
1 + sin Q
1− sin Q
] a k
2α
(55)
e−M = (cos Q)
a
2
8α (56)
A2 = −ρ sin Q (57)
Fourth region: u > 0, v > 0 .
eaψ =
[
(cos Q− sin P ) (cos P + sin Q)
(cos Q + sin P ) (cos P − sin Q)
] a k
2α
(
cos (P −Q)
cos(P +Q)
) a2
8α
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e−U−V = (cos (P+Q))1−
1
α (cos (P−Q))1+ 1α
[
(cos Q− sin P ) (cos P + sin Q)
(cos Q + sin P ) (cos P − sin Q)
]
−
a k
2α
e−U+V = (cos (P+Q))1+
1
α (cos (P−Q))1− 1α
[
(cos Q− sin P ) (cos P + sin Q)
(cos Q + sin P ) (cos P − sin Q)
] a k
2α
e−M = (cos (P −Q)) 3 a
2
16α (cos (P +Q))
− a
2
16α
A = ρ sin (P −Q)
The spacetime in the fourth region is singular on the hyperplanes a2 u±a3 v =
pi
2
. When a goes to zero both of the above solutions reduce to the well known
Bell-Szekeres solution [14].
3 Dilaton gravity with two U(1) vector fields
A dimensionally reduced superstring theory in four dimensions can be de-
scribed in terms of N = 4 supergravity [7]. There are two versions N = 4
supergravity , SO(4) and SU(4) versions. We shall only consider bosonic part
of the theory with U(1)
⊗
U(1) vectors in each version and one real dilaton
field. In the following lagrangian although (a, b) = (2,−2) for SO(4) case
and (a, b) = (2, 2) for SU(4) case we shall keep these constants (couplings of
dilaton field to each gauge field)
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L =
√−g
[
R
2κ2
− 2
κ2
(∇ψ)2 − 1
4
(e−aψ F 2 + e−bψH2)
]
. (58)
The field equations are
Gµν = 4
[
∂µψ ∂νψ −
1
2
(∇ψ)2gµν
]
+ κ2 e−aψ
[
F αµ Fνα −
1
4
F 2gµν
]
+
κ2 e−bψ
[
HαµHνα −
1
4
H2gµν
]
,
∇µ(e−aψF µν) = 0, (59)
∇µ(e−bψHµν) = 0, (60)
∂µ(
√−g gµν ∂νψ) +
κ2
√−g
16
(a e−aψF 2 + b e−bψH2) = 0, (61)
where F 2 = F αβ Fαβ and H
2 = Hαβ Hαβ . Both Fµν and Hµν are obtained
by the vector potentials Aµ and Bµ respectively , i.e., they are given by
Fµν = ∂µAν − ∂ν Aµ , Hµν = ∂µBν − ∂ν Bµ (62)
In this section instead of giving the complete formulation of the problem
we give a special solution of collision problem. We consider the same space-
time structure as considered in the previous section with the line element
(5). In the general case none of the waves superpose due to the nonlin-
earities in the field equations. On the other hand existence of two different
12
abelian gauge fields allow one to consider the following type of collision prob-
lem (such a solution does not exist with one abelian gauge field). Consider
one of the gauge fields is zero in one of the incoming regions and the other
gauge field is zero in the other incoming region. More specifically one of the
U(1) potential (Aµ) vanishes in one of the incoming regions and the other
U(1) potential (Bµ) vanishes in the other region. In the interaction region
we have both fields. This implies a superposition in the gauge fields. Such
an assumption simplifies the field equations considerably [23].
The reduced field equations are as follows
Uuv − Uu Uv = 0 (63)
2Vuv − UuVv − UvVu = 0 (64)
− 2MuUu − 2Uuu + U2u + (1 +
8
a2
) V 2u + 4 κ
2B2u e
U = 0 (65)
− 2MvUv − 2Uvv + U2v + (1 +
8
a2
) V 2v + 4 κ
2A2v e
U = 0 (66)
Depending upon the choices of the U(1) potentials we find the dilaton field
ψ accordingly. We have two distinct cases
Case 1: b=a We have two subcases (in each cases we assume that a is
different then zero).
(1.a): ψ = 1
a
V , Aµ = (0, 0, 0, A(v)) , Bµ = (0, 0, 0, B(u)). The field equa-
tions are given above (63-66)
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(1.b): ψ = 1
a
V , Aµ = (0, 0, A(u), 0) , Bµ = (0, 0, B(v), 0). The field equa-
tions are exactly the same as in case (1.a) if A and B are interchanged in the
equations (65) and (66).
Case 2: b=-a We have again two subcases
(2.a): ψ = 1
a
V , Aµ = (0, 0, 0, A(v)) , Bµ = (0, 0, B(u), 0). The field equa-
tions are exactly the same as in case (1.a).
(2.b): ψ = − 1
a
V , Aµ = (0, 0, A(u), 0) , Bµ = (0, 0, 0, B(v)). The field
equations are exactly the same as in case (1.b).
The solutions of the equations (63 - 66) are given as follows [13]
e−U = f(u) + g(v) (67)
V =
1√
f + g
(R + S) (68)
R =
∫ 1
2
f
P
−
1
2
(
1 +
2(ξ − f)(1
2
− g)
(ξ + 1
2
)(f + g)
)
d
dξ


√
1
2
+ ξ V2(ξ)

 dξ (69)
S =
∫ 1
2
g
P
−
1
2
(
1 +
2(η − g)(1
2
− f)
(η + 1
2
)(f + g)
)
d
dη


√
1
2
+ η V3(η)

 dη (70)
where f and g are functions of u and v respectively , P
−
1
2
is the Legendre
function of order −1
2
. These functions are determined from the data . In the
incoming regions we have f = 1
2
(u ≤ 0) and g = 1
2
(v ≤ 0) where
f = eU2 − 1
2
, g = eU3 − 1
2
(71)
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The functions V2(u) and V3(v) are the data for the function V (u, v). The
solutions may be summarized as follows. Here we are giving the case (1.a)
explicitly. The other cases can be given easily by correct identifications.
Second region: v ≤ 0, u > 0 or g = 1
2
The dilaton field ψ2 =
1
a
V2 , the gauge potentials are given as Aµ = 0 and
Bµ = (0, 0, 0, B(u)). The only field equation is given by
− 2M2,uU2,u − 2U2,uu + U22,u + (1 +
8
a2
) V 22,u + 4 κ
2B2u e
U2 = 0 (72)
Third region: u ≤ 0, v > 0 or f = 1
2
The dilaton field ψ3 =
1
a
V3 , the gauge potentials are given asAµ = (0, 0, 0, A(v))
and Bµ = 0. The only field equation is given by
− 2M3,vU3,v − 2U3,vv + U23,v + (1 +
8
a2
) V 23,v + 4 κ
2A2v e
U3 = 0 (73)
Fourth region: u > 0, v > 0
where the exact solutions of U(u, v) and V (u, v) are given in (67) and (68).
The dilaton field ψ(u, v) = 1
a
V (u, v) , the gauge potentials are given as
Aµ = (0, 0, 0, A(v)) and Bµ = (0, 0, 0, B(u)). The field equations to be
solved are (65) and (66). Given the data (V2(u), V3(v)) one finds the function
V (u, v) from the integral formula (68). Given the data (V2(u), V3(v)) and
(A(v), B(u)) one integrates the function M(u, v) from (65) and (66).
A simple exact solution to the above problem is given as follows
V = m1 tanh
−1
(
1
2
− f
1
2
+ g
) 1
2
+m2 tanh
−1
(
1
2
− g
1
2
+ f
) 1
2
(74)
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with
V2 = m1 tanh
−1 (
1
2
− f) 12 (75)
V3 = m2 tanh
−1 (
1
2
− g) 12 (76)
where m1 and m2 are arbitrary constants. In the general case the initial data
is loaded on the functions f and g. The determination of these functions is
important in the integration of the function M . We find this function by
following two different approaches. This means that we have two different
solutions for two different data.
First Solution : The functions f and g are given by
f(u) =
1
2
− s1 un1 θ(u) , g(v) =
1
2
− s2 vn1 θ(v)
where n1 and n2 are positive integers (≥ 2). This is not the complete data
but the function M(u, v) can be found as
2M = (1− b
4
(m1 +m2)
2) ln(f + g) +
b
4
[
m21 ln(
1
2
+ g) +m22 ln(
1
2
+ f)
]
+
b
2
m1m2 ln(
1
2
+ 2 f g +
1
2
√
(1− 4 f 2)(1− 4 g2))− 4 κ2
(∫ f
1
2
B2ξ dξ +
∫ g
1
2
A2η dη
)
In the incoming regions we have
2M2 = (1−
b
4
m21) ln(
1
2
+ f)− 4 κ2
∫ f
1
2
B2ξ dξ (77)
2M3 = (1−
b
4
m22) ln(
1
2
+ g)− 4 κ2
∫ g
1
2
A2η dη (78)
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where the last two integrals in above expression are due to the initial values
of the gauge fields on the null hyperplanes which are left arbitrary and
b = 1 +
8
a2
, bm2i = 8 (1−
1
ni
)
with i = 1, 2. As far as the singularity structure is considered our solution
given above looks like the vacuum Einstein solutions given by Szekeres [13].
They all suffer from a future closing spacetime singularity at f + g = 0.
Second Solution: The functions f and g are determined by the following
equations
2 fuu
f 2u
=
1
1
2
+ f
− b (1
2
+ f)
(
dV2
df
)2
− 4 κ2
(
dB
df
)2
(79)
2 gvv
g2v
=
1
1
2
+ g
− b (1
2
+ g)
(
dV3
dg
)2
− 4 κ2
(
dA
dg
)2
(80)
where V2 and V3 are given in (75)and (76). Then the function M(u, v) is
found as
2M =
[
1− b (m1 +m2)
2
4
]
ln(f + g) +
[
−1 + b m
2
1 +m
2
2
4
]
ln
(
(
1
2
+ f)(
1
2
+ g)
)
+b
m1m2
2
ln
(
1
2
+ 2fg +
1
2
√
(1− 4f 2)(1− 4g2
)
(81)
The functionM in the incoming regions vanish (M2 = M3 = 0). Hence given
the functions A(g) and B(f), we determine the functions f and g through
(79) and (80) in terms of u and v. This completes the determination of the
17
metric in the fourth region. For different set of functions (A(g), B(f)) we
have different solutions.
When the gauge potentials A and B go to zero and the dilaton couping
constant becomes larger then both of the above solutions approach to the
Szekeres solutions ([13]). For all of these solutions the surface f + g = 0 is
singular.
4 Conclusion
We have given exact solutions of the colliding plane waves in the Einstein
Maxwell Dilaton Gravity theories. Although the exact solutions we obtained
in this work differ from the solutions of the vacuum Einstein and Einstein
Maxwell theories, the singularity structures of the solutions of these differ-
ent theories look the same. In this work we have studied the collision of
plane waves in four dimensions. Higher dimensional plane waves when di-
mensionally reduced (with some duality transformations) lead to the extreme
black hole solutions in four dimensions. In this respect it is perhaps more
interesting to investigate the colliding gravitational plane waves in higher
dimensions. This will be the subject of forthcoming communication.
5 Appendix
In Maxwell theory , due to the linearity the solution in the interaction region
is just the superposition of the plane wave solutions in the secod and third
regions. In Einstein theory such a superposition is not allowed and hence
18
to find exact solutions (solution of the charcteristic initial value problem) is
not possible yet. In this appendix we consider the collision of the Maxwell-
Dilaton Plane Waves which shares the similar difficulties of the Einstein
theory. The lagrangian of the coresponding theory is
L =
[
2
κ2
(∇ψ)2 + 1
4
e−aψF 2
]
. (82)
where a is the dilaton coupling constant and the spacetime metric is flat in
all regions. Here we kept the the constant κ which may be set equal to unity.
The field equations are
∇µ(e−aψF µν) = 0, (83)
∂µ(
√−g gµν ∂νψ) +
κ2 a
√−g
16
e−aψF 2 = 0, (84)
With the choice Aµ = (0, 0, A, 0), where A = A(u, v) and dilaton field ψ =
ψ(u, v), the field equations turn out to be
aψuA,v + aψvA,u − 2Auv = 0 (85)
and
ψuv +
aκ2
8
e−aψA,uA,v = 0. (86)
These equations are the real and imaginary parts of the following Ernst
equation
Re(ǫ)∇2 ǫ = ∇ǫ∇ǫ (87)
19
where differential operators in (87) are defined with respect to the metric
given by ds2 = 2 du dv and
ǫ = e
1
2
aψ + i
aκ
4
A (88)
This can be rewritten as
∇(g−1∇g) = 0 (89)
where
g =
2
ǫ+ ǫ

 1 i2(ǫ− ǫ)
i
2
(ǫ− ǫ) ǫǫ

 (90)
Eq.(89) is the two dimensional sigma model equation on SU(2)/U(1). Al-
though the complete solution of (87) is not known yet its integrability has
been shown long time ago [24]. The soliton solutions and many intersting
properties are known.
We would like to thank to TUBITAK (Scientific and Technical Research
Council of Turkey) and TUBA (Turkish Academy of Sciences) for their par-
tial supports to this work. MG is an associate member of TUBA.
References
[1] R. Gu¨ven , Phys. Lett. B191 , 275 (1987).
[2] D. Amati and C. Klimcik , Phys. Lett. B219 , 443 (1989).
20
[3] G. Horowitz and A. Steif , Phys. Rev. Lett. 64 , 260 (1990).
[4] G. T. Horowitz and A. A. Tseytlin , Extremal black holes as exact string
solutions , to be published in Physical Review Letters , hep-th/9408040.
[5] M. Gu¨rses , Phys. Rev. D46 , 2522 (1992).
[6] D. Lowe and A. Strominger , Phys. Rev. Lett. 73 , 1468 (1994) . (hep-
th/9403186).
[7] R. Kallosh , A. Linde , T. Ortin , A. Peet and A. Van Proeyen ,
Phys.Rev. D46 , 5278 (1992).
[8] A. A. Kehagias and E. Papantonopoulos , Discontinuities and collision
of gravitational waves in string theory , preprint (NTUA-47/94) . hep-
th/9501070.
[9] I. Ya. Aref’eva , K. S. Viswanathan and I. V. Volovich , Plankian En-
ergy Scattering , Colliding Plane Gravitational Waves and Black Hole
Creation , Preprint (SFU-HEP-10-94).
[10] R. Penrose , Rev. Mod. Phys. 37 215 (1965).
[11] K. A. Khan and R. Penrose, Nature (London) 229, 185 (1971)
[12] P. Szekeres, Nature (London) 228, 1183 (1970)
[13] P. Szekeres, J. Math. Phys. 13, 286 (1972)
[14] Bell and P. Szekeres, Gen. Rel. and Grav. 5, 275 (1974)
21
[15] J. B. Griffiths, Phys. Lett. A 54, 269 (1975)
[16] Y. Nutku and M. Halil, Phys. Rev. Lett. 39, 1379 (1977)
[17] J. B. Griffiths, Ann. of Phys. (NY) 102, 388 (1976)
[18] S. Chandrasekhar and B. Xanthopoulos, Proc. Roy. Soc.(London) 398A
,223 (1985)
[19] S. Chandrasekhar and B. Xanthopoulos, Proc. Roy. Soc.(London) 410A
, 311 (1987)
[20] J. B. Griffiths Colliding Plane Waves in General Relativity , Clerondon
Press , Oxford ,1991.
[21] C. Hoenselaers and W. Dietz , Editors Solutions of Einstein’s Equa-
tions: Techniques and Results Proceedings , Retzbach , Germany
1983. Lecture Notes in Physics No 205 Springer - Verlag (Berlin 1984).
[22] C. Clarke and S. A. Hayward , Class. Quantum Grav., 6 , 615 , (1989).
[23] M. Gu¨rses and A. Kalkanlı , Class. Quantum Grav. 6 , L71 (1988).
[24] V. E. Zakharov and A. V. Mikhailov , Sov.Phys. JETP 47 1017 (1978);
op.cit Commun. Math. Phys. 74 , 21 (1980).
22
